
Lecture 19
Network Flow 1



Announcements

❖ Homework 6 Reflection due this Sunday night (4/19)

❖ Homework 7 due this Sunday night (4/19)

❖ Group Project problems posted this week

❖ Each group will choose a problem (from a Google Doc)

❖ Give a 10-20 minute presentation

❖ Introduce Problem (why it's cool or useful)

❖ Sketch and analyze a baseline solution

❖ Design an efficient algorithm

❖ Analyze aspects of your algorithm (running time, correctness, etc.)

❖ Give an example of how it works
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Trains and Grain

We want to send grain to the factory 

❖ Along the train lines

❖ Can only send one train per line per day

❖ Each line has a weight limit of how much grain its train can carry

❖ What is the most grain can we get to the factory each day?
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Network Flow Problems

A specific class of problems with many applications

Uses tools from the paradigms we've studied

❖ Greedy, D&C, Dynamic Programming

Direct applications: moving things around

❖ People on a commuter train

❖ Packets on the internet

❖ Natural gas through pipes



Formalize our Problem

Problem input is a network

❖ Directed graph

❖ Source vertex s

❖ Target vertex t

❖ Edge capacities 𝑐(𝑒) ≥ 0
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Formalize our Problem

A network flow is an assignment of values 𝑓 𝑒  to 

each edge 𝑒, which satisfies:

❖ Capacity: 0 ≤ 𝑓(𝑒) ≤ 𝑐(𝑒) for all 𝑒

❖ Flow conservation:
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Formalize our Problem

A network flow is an assignment of values 𝑓 𝑒  to 

each edge 𝑒, which satisfies:

❖ Capacity: 0 ≤ 𝑓(𝑒) ≤ 𝑐(𝑒) for all 𝑒

❖ Flow conservation:

❖ Value 𝑣 𝑓  of flow 𝑓 is total flow on edges 

leaving source

❖ Problem: find a flow of maximum value
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Max-Flow Algorithm

First idea: initialize zero flow then repeatedly augment flow on paths from source to target

❖ Do this until we exhaust options
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Max-Flow Algorithm

First idea: initialize zero flow then repeatedly augment flow on paths from source to target

❖ Do this until we exhaust options

❖ Problem: we're stuck! All s-t paths have a saturated edge
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Residual Graphs

The residual graph 𝐺𝑓 identifies ways to increase flow on edges with leftover capacity 

For each original edge 𝑒 = 𝑢, 𝑣 , the residual graph has

❖ A forward edge 𝑒 = (𝑢, 𝑣) with residual capacity 𝑐 𝑒 − 𝑓(𝑒)

❖ A reverse edge 𝑒′ = (𝑢, 𝑣) with residual capacity 𝑓(𝑒)

❖ Omit edges with zero residual capacity
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Key data structure 

for network flows



Max-Flow Algorithm

New Idea: use s-t paths in residual graph to augment flow
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Max-Flow Algorithm

New Idea: use s-t paths in residual graph to augment flow
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Augment Function

New Idea: use s-t paths in residual graph to augment flow

❖ 𝑓 is a flow in the graph

❖ 𝑃 is an augmenting path (s-t path in 𝐺𝑓)

 Augment(𝑓, 𝑃)

  𝑏 ← bottleneck(𝑃, 𝑓) least residual capacity in 𝑃

  for each edge 𝑒 in 𝑃 do

   if 𝑒 is a forward edge then

     𝑓 𝑒 ← 𝑓 𝑒 + 𝑏 increase flow on forward edges

   else 𝑒 is a backward edge do

    Let 𝑒′ be opposite edge in 𝐺

    𝑓 𝑒′ ← 𝑓 𝑒′ − 𝑏 decrease flow on backward edges
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Ford-Fulkerson Algorithm

Repeatedly find augmenting paths in the residual graph and augment the flow!

 Ford-Fulkerson(𝐺, s, t)

  Initialize 𝑓 𝑒 = 0 for all edges 𝑒 initially, no flow

  Initialize 𝐺𝑓 = 𝐺

  while there exists an s-t path 𝑃 in 𝐺𝑓 do 

    𝑓 = Augment(𝑓, 𝑃)  Augment flow if it is possible

    update 𝐺𝑓

  return 𝑓



Running Time Analysis

❖ Flow increases at least one unit per iteration of while loop

❖ Each while loop check at most 𝑚 edges

❖ F-F terminates in at most 𝐶 iterations

❖ 𝐶 is the sum of capacities leaving the source

❖ 𝐶 ≤ 𝑛 𝐶𝑚𝑎𝑥

❖ 𝐶𝑚𝑎𝑥 is the maximum edge capacity

❖ Running time: 𝑂 𝑚𝑛𝐶𝑚𝑎𝑥



Running Time Analysis

❖ Flow increases at least one unit per iteration of while loop

❖ Each while loop check at most 𝑚 edges

❖ F-F terminates in at most 𝐶 iterations

❖ 𝐶 is the sum of capacities leaving the source

❖ 𝐶 ≤ 𝑛 𝐶𝑚𝑎𝑥

❖ 𝐶𝑚𝑎𝑥 is the maximum edge capacity

❖ Running time: 𝑂 𝑚𝑛𝐶𝑚𝑎𝑥

Pseudo-polynomial in both 𝑚, 𝑛



Correctness Sketch

Consider a cut separating s, t

❖ What is a cut again?



Correctness Sketch

Consider a cut separating s, t

❖ What is a cut again?

❖ The capacity of a cut is the sum of all edges 

going from the source side to the target side



Correctness Sketch

Consider a cut separating s, t

❖ What is a cut again?

❖ The capacity of a cut is the sum of all edges 

going from the source side to the target side

❖ The total network flow can never exceed the 

capacity of the cut (true for every cut)



Correctness Sketch

Consider a cut separating s, t

❖ What is a cut again?

❖ The capacity of a cut is the sum of all edges 

going from the source side to the target side

❖ The total network flow can never exceed the 

capacity of the cut (true for every cut)

When algo stops, we can no longer get from s to t 

in residual graph

❖ Group together reachable and unreachable 

vertices to form a cut



Correctness Sketch

Consider a cut separating s, t

❖ What is a cut again?

❖ The capacity of a cut is the sum of all edges 

going from the source side to the target side

❖ The total network flow can never exceed the 

capacity of the cut (true for every cut)

When algo stops, we can no longer get from s to t 

in residual graph

❖ Group together reachable and unreachable 

vertices to form a cut

❖ Every cut edge must be at full capacity

❖ Therefore, this is a maximum flow



Next Time

❖ Applications of network flow
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