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Lecture 20

Network Flow 2




Announcements

** Homework 6 Reflection due this Sunday night (4/19)
** Homework 7 due this Sunday night (4/19)

** Group Project problems now up




Network Flow Problem

Problem input is a network

/

*%* Directed graph yv@ \
** Source vertex s @

*

% Target vertex t \ /
N

»* Edge capacities c(e) = 0




Network Flow Problem

A network flow is an assignment of values f(e) to
each edge e, which satisfies:

/

*%* Capacity: 0 < f(e) < c(e) foralle

’:’ Flow conservation:

Y r@= Y @ ® 3 ®

eintov eout of v \ /
O

+* Value v(f) of flow f is total flow on edges
leaving source

»* Problem: find a flow of maximum value




Ford-Fulkerson Algorithm

Repeatedly find augmenting paths in the residual graph and augment the flow!

Ford-Fulkerson(G, s, t)

Initialize f(e) = 0 for all edges e initially, no flow
Initialize G, = G create residual graph
while there exists an s-t path P in G, do
f = Augment(f, P) Augment flow if it is possible
update G

return f




Running Time Analysis

Flow increases at least one unit per iteration of while loop
Each while loop check at most m edges
F-F terminates in at most C iterations
% C is the sum of capacities leaving the source
C <nChax
% Cpnax 1S the maximum edge capacity

Running time: 0 (mnCp,g,)

Pseudo-polynomial in both m,n




Correctness Sketch

Consider a cut separating s, t

** Whatis a cut again?
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Correctness Sketch

Consider a cut separating s, t
*%* Whatisa cut again?

*%* The capacity of a cut is the sum of all edges
going from the source side to the target side

+* The total network flow can never exceed the
capacity of the cut (true for every cut)

When algo stops, we can no longer get fromstot
in residual graph

«* Group together reachable and unreachable
vertices to form a cut

*%* Every cut edge must be at full capacity

*%* Therefore, this is a maximum flow




Bipartite Matching

Interesting application of network flows

** Given a bipartite graph G = (L U R, E), a subset of edges M C E is a matching if each vertex
appears in at most one edge in M
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Bipartite Matching

Interesting application of network flows

** Given a bipartite graph G = (L U R, E), a subset of edges M C E is a matching if each vertex
appears in at most one edge in M

+*  The maximum matching problem is to find the matching with the most edges

** Goal: design an efficient algorithm for maximum matching in a bipartite graph




Bipartite Matching

3

3
@




Formalize the Problem

Goal: given matching instance G = (L UR,E)
** Create a flow network G’

*¢* Find a maximum flow f in G’

** Use f to construct a maximum matching M in G




Step 1: Create flow network

Convert undirected bipartite graph G to flow network G’
** Directions of edges?

/ .y
%* Capacities?

** Source and target?




Step 1: Create flow network

Convert undirected bipartite graph G to flow network G’
** Directions of edges?
** Capacities?

** Source and target?

Construction Approach

+** Add a source s and target t

L)

«* Add directed edges from L to R
*%* AddedgesfromstolL

*%* AddedgesfromRtot

*%* Setall edges to capacity 1




Steps 2 & 3

Run F-F to get an integral max-flow f

** Anintegral solution is one where all flow are whole numbers

** If the capacities are integer-valued, F-F finds an integral maximum flow




Steps 2 & 3

Run F-F to get an integral max-flow f
** Anintegral solution is one where all flow are whole numbers

** If the capacities are integer-valued, F-F finds an integral maximum flow

Set M to be the set of edges from L to R with flow f(e) =1
** Claim: M is a maximum matching
% ldea:

X/

s for every integer flow of value k, we can construct a matching M of size k

% Therefore, a maximum integer-valued flow yields a maximum matching




Running Time

What is the running time of the Ford-Fulkerson algorithm to find a maximum matching in a
bipartite graph with |L| = |R| = n?

¢ Recall that the F-F algorithm has running time 0(mnC,q,)




Running Time

What is the running time of the Ford-Fulkerson algorithm to find a maximum matching in a
bipartite graph with |L| = |R| = n?

%

+* Recall that the F-F algorithm has running time 0 (mnC,,,4,)

** For our problem: Cpqy = 1

** Then we can find a maximum matching in 0(mn) time




Perfect Matching

Recall: a matching M is perfect if every vertex appears in (exactly) one edge in M

Question: when does a bipartite graph have a perfect matching?
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Perfect Matching

Recall: a matching M is perfect if every vertex appears in (exactly) one edge in M

Question: when does a bipartite graph have a perfect matching?
** We must have |L| = |R|

** Every node must have at least one edge

** What else?

ForS c L, let N(S) € R be the set of all neighbors of vertices in S

** For a perfect matching, we need

IN(S)| > |S| forall S c L




Hall's Marriage Theorem

Assume G is bipartite with [L]| = |R| =n

Theorem: G has a perfect matching if and
only if IN(S)| = |S| forall S € L




N\

Connections to Stable Matching




Next Time

** What happens when there is no efficient algorithm for a problem?

+** How do we think about these problems?
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